A new numerical study of rich laminar polydisperse spray flame propagation in a twodimensional channel is presented, within the framework of a thermal-diffusional model. Two different polydisperse sprays having the same Sauter mean diameter were considered. Attention is focused on the development of spray induced instabilities and the way they are sensitive to the initial droplet size distribution. Previous work in this field was based on linear stability analyses. The current work allows nonlinear stability aspects to be captured. It was found that both cellular and oscillating instabilities can develop, depending on the evaporation coefficient of the liquid fuel. However, the transitions from planar propagation to cellular propagation and from the latter to oscillating propagation occur at different critical values of the evaporation coefficient depending on what the initial droplet size distribution actually is. Therefore, use of the Sauter mean diameter to represent a polydisperse spray can be misleading in the current context and the real size distribution must be considered.
INTRODUCTION
The utilization of liquid fuels supplied as a spray of droplets is ubiquitous in many practical combustion applications. Despite this fact, it appears that there are certain fundamental physical phenomena associated with such two-phase liquid spray-gas systems that still require complete elucidation. For example, it was found experimentally [1] [2] [3] [4] [5] [6] [7] that the burning velocity of a flame propagating through a rich mixture of air and mono-sized fuel droplets can exceed that of a flame
propagating through an equivalent fuel vapor/air mixture. In addition, an optimum droplet size can be identified at which the flame speed achieves a maximum value. For off-stoichiometric fuel lean mixtures Atzler [8] observed that premixed laminar spray flames propagate in a pulsating manner alternating through periods of flame front acceleration and deceleration. These pulsations are accompanied by periods of flame front cellularization and smoothing in consonance with the acceleration and deceleration, respectively. For off-stoichiometric fuel rich mixtures laminar spray flames were found to exhibit cellular structures but without oscillations. In a previous study [9] a numerical study of a simplified model of laminar flame propagation through a fuel rich mixture of fuel droplets and air was carried out to try to capture some of the aforementioned phenomena that are peculiar to spray flames. A comprehensive review of background material consisting of previous experimental and theoretical studies on laminar premixed spray flames was given in [9] and repetition of this material here is superfluous. It should be noted that previous stability analyses [10] [11] [12] [13] , aimed at predicting mathematically the aforedescribed cellularization and pulsating behaviour, were predicated on linearization, whereas the numerical study of [9] was free of linearization and retained the important non-linear terms, thereby enabling, in a limited qualitative way, prediction of what had been previously observed independently in the laboratory.
A recent slight extension of [9] revealed a narrow band of values of the vaporization Damköhler number (this being the ratio of a characteristic flow time to a characteristic evaporation time) for which oscillatory propagation of rich premixed spray flames was exhibited [14] . The phenomenon was shown to be associated with the endothermicity due to droplet evaporation that, for the aforementioned narrow range of vaporization Damköhler numbers, competes and interacts directly with the exothermic chemical reaction heat production such that the interplay produces oscillations.
It is well known that mathematical modeling of a spray of evaporating droplets can be carried out via a variety of descriptions (ranging from use of statistically representative droplets [15] , through the spray equation [16] , the sectional method [17, 18] , Beck's method [19] and the use of the direct quadrature method of moments [20] , to name but a few). In our previous publications the sectional method [17] was adopted and, in order to simplify matters, a mono-sectional portrayal of the spray was used in which the droplets are lumped into a single size section that encompasses all droplet sizes relevant to the particular spray. This has the advantage of allowing attention to be focussed on the primary spray parameters (vaporization Damköhler number and initial droplet load) and their impact on flame propagation, although any conclusions must be viewed in a sort of integrated fashion, which, nevertheless, does not detract from the general features of the effects under scrutiny.
In practical situations sprays are polydisperse. In the current work the influence of the initial spray polydispersity on rich laminar premixed spray flame propagation and stability is investigated numerically for the first time. Full use of the sectional method is made in order to give a detailed description of the spray's internal spatial and temporal evolution and it will be demonstrated that the actual droplet size distribution in the fresh mixture into which the flame is propagating is critical in determining the nature of the propagation.
DESCRIPTION OF MODEL
Although thermal expansion effects play an important role in laminar gas flame instabilities both simplicity and the ability to isolate diffusional-thermal instabilities are more readily achieved by adopting the constant density reaction-diffusion model used here. The chemical kinetics is described using a single-step irreversible offstoichiometric exothermic reaction. For the fuel-rich case this implies that a conservation equation must be solved for the deficient reactant, the oxidant. The spray of evaporating droplets is modeled using the sectional approach [17] . In this method the "point-wise" size distribution of droplets in the spray is subdivided into a finite number of size sections, N s say, each of which contains droplets of diameters that fall within a certain size bracket. The mass balance of droplets in section j accounts for (a) the influx of droplets from section j + 1 which have diminished in size and have thus become eligible for membership in section j, and (b) convection and mass loss due to evaporation of droplets in section j. Sectional mass conservation equations can then be rigorously derived for the droplets in each size section. The method is general in that it can handle any arbitrary initial size distribution of droplets. The droplets in the spray are assumed to be in dynamic equilibrium with their host carrier gas. This assumption is valid in the far-field region relative to the atomizer and for small droplets less than about 100 µm in diameter [21] and implies that, on the average, droplets of all relevant sizes can be taken to be travelling at the average speed of their surroundings. Also, thermodynamic equilibrium of the droplets with their surroundings is assumed due to their almost instantaneous thermal adjustment as a result of the large thermal conductivity of the liquid fuel relative to that of the host gas. For the fuel rich system under consideration here conditions are supposed such that the flame propagates in the vapor phase with the spray of droplets acting as a source of vapor, rather than through a relay mechanism [22] for which a separate study is necessary. In summary, the operating conditions adopted permit a fairly simple model to be studied enabling uncluttered separation of spray polydispersity effects to be studied.
In appropriately chosen units (see, for example, [10, 23] , for the method of normalization) the corresponding set of equations for the temperature, oxidant mass fraction and sectional liquid fuel mass fractions reads
where the total rate of evaporation is given by (5) The vaporization Damköhler numbers are defined by (6) in which Ĉ is the vaporization coefficient and d j is the smallest diameter of droplets in section j. Note that, by definition, Ψ N s = 0. The particular expressions in Eq. (6) are adopted here based on the general theory given in [17] . The use of a definition of a vaporization coefficient for a polydisperse spray is problematic and strictly speaking it should be deduced from experimental evidence [24] and/or theory that accounts for the mutual effect of arbitrarily arranged adjacent droplets on the spray's evaporation rate [25] . In view of these uncertainties the current theory provides guidelines for the possible behavior of premixed spray flames given a reliable source for the vaporization coefficient of the spray.
Finally, β is the nondimensional latent heat of vaporization of the droplets in the spray. In addition, use is made of the Heaviside function (7) to denote the onset of appreciable evaporation when the spray's droplets attain the boiling point of the liquid fuel.
Equations (1) and (2) are to be solved in the two-dimensional region, 0 < x < d and -∝ < y < ∝ subject to the boundary conditions, (8) The flame is assumed to propagate in the positive y direction. Hence, the appropriate boundary conditions at y = ± ∝ are (9) (10) Initial conditions contain a small temperature perturbation,
SOLUTION OF GOVERNING EQUATION
The system of N s equations (3) may be solved separately and the solution obtained yields the function (13) where t 0 (x, y) is the time when the temperature T(x, y) exceeds T v for the first time 1 . In this work two different polydisperse sprays having the same Sauter mean diameter (SMD) of 44.8 µm were considered. In Table 1 the definition of the size sections into which the sprays are divided and initial distributions are given. Distribution A has all droplets initially occupying the size section 40 -50 µm. In contrast distribution B is bimodal, being comprised of some 80% of large droplets (70 -90 µm) and about 20% small droplets (10 -20 µm). For these two distributions the function f (Eq. (13)) is shown in Fig. 1 . The different evolution with time, despite the distributions being initially of the same SMD, is rather striking.
In order to picture the actual evaporation Fig. 2 shows a plot of the total liquid fraction:
as function of the time elapsed since the onset of evaporation. It is clear that for the same evaporation coefficient Ĉ the evaporation zone is wider for distribution B than for A. The result is not unexpected since spray B consists initially of a large percentage of bigger droplets than spray A. Thus, expressing the total evaporation source term as in Eq. (13) now enables the N s equations (3) to be discarded and replaced by the single function f(t-t 0 (x, y)) when solving Eqs. (1) and (2) .
The problem consisting of Eqs. (1), (2), (4), (7)- (12) is solved here for N = 10, Le = 0.85, σ = 0.2, d = 100, T v = 0.169, β = 0.041. The computational strategy involves using finite differences and the solution of the resulting difference equations via the alternating direction implicit method (see [26] ).
Propagation of rich premixed polydisperse spray flames 1 We assume that at each point the temperature increases monotonically with time t. 
Figure 1:
The function f for two initial spray droplet size distributions; Ĉ = 100. 
Figure 2:
Evolution of liquid fraction for two initial spray droplet size distributions; Ĉ = 100.
RESULTS OF NUMERICAL SIMULATIONS
A short while after the beginning of the simulation the initial temperature perturbation (see Eq. (12)) induces a curved flame front. All cases studied here fall into one of three categories defined in terms of the mode of flame propagation as t → ∞. The first category contains those physical circumstances which eventually lead to a stable plane flame configuration. For the second category a stable but curved flame front is attained, indicative of cell formation. Finally, for the last category an oscillatory solution arises. These categories were also found previously using a mono-sectional description of the spray (see [9] , [14] ) for which the actual internal spray structure is not treated in detail. The flame front position is defined using the location where C = C 0 /2 and is denoted by y f = y f ( x , t ). It is possible to use other definitions but it was found that this particular definition provides clarity of presentation. Figure 3 shows four typical sets of results of the numerical simulations relevant to the aforementioned categories. The top three figures relate to initial droplet size distribution A and the last one to distribution B. The flame fronts are propagating from left to right and the flame amplitude is magnified 10 times, i.e. y im (x, t) = 10 (y f (x, t) -y av (t)) + y av (t) where y av (t) is defined according to (14) Consider first the three figures relating to distribution A. They clearly indicate the sensitivity of the flame front propagation to the evaporation coefficient Ĉ. For a low value of Ĉ = 10 a planar flame front is realized (Figure 3a) . When Ĉ is increased tenfold a curved flame front results suggestive of a cellular structure (Figure 3b ). In Figure 3c (for which Ĉ = 300) the appearance and disappearance of two maxima in the transverse direction is the trademark of oscillatory motion of the flame front. Thus, these three pictures describe the three aforementioned categories of spray flame fronts that may arise. Figure 3d shows flame front propagation for initial distribution B and Ĉ = 1000. In this instance oscillatory flame front propagation is recognizable. For both initial size distributions it is difficult to discern significant quantitative differences from Fig. 3 . Thus, in order to provide further elucidation it is convenient to introduce a measure of disturbance: (15) If δ → 0 then the initially perturbed flame becomes planar and settles down to a steady stable state. Otherwise the flame front will be nonplanar.
Curves of δ as a function of time are presented in Figs. 4 and 5. These Figures clearly highlight the three aforementioned categories and the role of the initial size distribution. For both distributions a small value of Ĉ leads to the ultimate formation of a plane stable flame configuration. An increase in Ĉ (to a value of 100) for the initial distribution A leads to a stable but curved flame front (see Fig. 4 ), whereas for distribution B the flame remains planar. A further increase of Ĉ to a value of 500 leads to loss of stability of the plane front for distribution B too. However, the curvatures of these fronts differ quite considerably. Whereas for initial distribution A and Ĉ = 100 the value of δ stabilizes at about 1.5, for initial distribution B and Ĉ = 500 it stabilizes at a value of just less than 2. Further runs showed that for the same value of Ĉ for both distributions for which a stable curved front was obtained the value of δ at which it stabilized was less for distribution B than for distribution A. This implies that a shallower cellular structure is to be expected with initial size distribution B than with A. This is presumably due to the fact that most of the droplets in distribution B are fairly large (see Table 1 ) and will therefore evaporate at a slower rate than those of distribution A. It was shown in [8, 10] that heat loss due to droplet evaporation plays a dominant role in determining cellularization of rich spray flames. The current results demonstrate that the heat release over a longer spatial span will tend to diminish the depth of the cellular structures. Of, course, such a conclusion could not be deduced in [10, 11] where a linear stability analysis was employed.
A further increase in the value of Ĉ results in destabilization i.e. the flames propagate in a periodic mode (see Figs. 4 and 5, and also 3). Interestingly, the amplitudes of these oscillations for both initial distributions are almost the same. Yet a further increase in Ĉ results in a return to stable curved flame front propagation. Even from these few results it is evident that the critical threshold values defining flames belonging to the third category depend strongly on the initial droplet size distribution.
Not unsurprisingly, this shift of mode of spray flame propagation from one category to another coincides qualitatively with what was previously found using a monosectional model [14] . The impact of spray evaporation on rich flame propagation is via the heat consumed by the liquid drops for evaporation. It is very important where this phenomenon takes place. For a high enough evaporation Damköhler number heat losses occur in front of the reaction zone, whereas for small values most evaporation takes place behind the flame front. Only for a narrow interval of values of Ĉ do the heat losses interact significantly with the exothermic chemical reaction heat production and it is this endothermic/exothermic interplay that produces oscillations. Evidence for this rationale is clearly provided by Fig. 6 in which four figures show the reaction rate and the evaporation rate as functions of x, for the four values of Ĉ utilized in Figure 4 for distribution A. When Ĉ is equal to 10 the reaction rate is dominant and the very slow rate of evaporation (multiplied tenfold for visibility in the figure) leads to negligible perturbation of the premixed flame which thereby propagates in a planar mode. For a higher value of 100 the evaporation rate is higher but with a significant tail behind the reaction rate profile. Nevertheless, there is apparently sufficient heat loss in the region of the flame (note the reduction in the reaction rate) to cause a perturbation that produces a cellular-structured flame surface. A further increase of the evaporation coefficient leads to a higher heat loss primarily in front of the flame surface thereby further reducing the reaction rate (compare its maximum values with those of (a) and (b)) and engendering an endothermic versus exothermic competition which, in turn, produces flame oscillations. Finally, for the largest value of Ĉ considered almost the entire heat loss due to droplet evaporation is located in front of the flame front -there is little direct interaction between the two processes at the flame front location but, as is known similarly from classical stability theory for purely gaseous flames, such a situation leads to a cellular flame front. (Similar plots (not shown here) help to explain Fig. 5 .) As Ĉ → ∞ there will be complete separation of the two profiles with the heat loss due to evaporation focused to the right of reaction rate profile.
Spray distribution B has two sections, 3 and 9, that are initially populated with droplets. This leads to a more complicated function f (see Fig. 1 ) than for distribution A. As can be seen the evaporation zone for distribution B is wider than for A, mainly due to the larger droplets that occupy section 9. This implies a longer transient time to attain a stable state (compare Figs 4 and 5) . Flame propagation is therefore faster for initial distribution A than for B, as can be seen in Fig. 7 where the average flame velocity is plotted as a function of Ĉ for the two initial droplet size distributions. The velocity of propagation depends on the amount of liquid fuel that evaporates ahead of the reaction zone. A wider evaporation zone means less droplet evaporation before the flame and, consequently, less heat loss downstream of the reaction zone. If the evaporation zone is thin enough, the entire liquid phase evaporates ahead of the chemical reaction zone leading to a finite propagation velocity limit at Ĉ → ∞, as can be seen in Fig. 7 .
Finally, it is noteworthy that all the aforedescribed results were obtained assuming a constant Lewis number of 0.85. For this value purely gas flames propagate in a planar 
CONCLUSIONS
A numerical study of the propagation of laminar polydisperse spray flame fronts in a two-dimensional channel was carried out. The study allows an insight into nonlinear aspects of instability, which were absent from previous linear stability analysis of this problem. It was found that there are three categories of possible flame front propagation that may develop: (a) a planar front, (b) a stable curved front (indicative of cellularization) and (c) an oscillating front. Categories (b) and (c) flames may be of practical concern in terms of flame safety and/or flame extinction. Which front is attained is strongly dependent on the evaporation coefficient together with the initial droplet size distribution in the spray through which the flame propagates. In addition, the critical values of the evaporation coefficient for transition from one sort of mode of propagation to another are also dependent on the initial droplet size distribution. These dependencies exist even if the size distributions have the same Sauter mean diameter. Thus, the use of the Sauter mean diameter for representation of a truly polydisperse spray by an equivalent mono-disperse spray is disqualified in the current context. Finally, it is noted that due to the simplifying assumptions in this model the aforementioned propagation categories and stable/unstable transitions may be partially masked in practical spray combustion situations in which coupled hydrodynamical and diffusive effects are present, in a manner similar to that analyzed for purely gas flames [27] . In addition, for turbulent near-monodisperse premixed spray flames the degree of turbulence was recently shown to be a significant factor in determining the importance of burning velocity enhancement due to droplet induced instabilities [28] . Nevertheless, the current results can shed light on some of the root causes of similar phenomena that might arise under such circumstances.
